paper we obtain the classification of nonsolvable D -groups. Our exposi-1 tion does not depend on the solvable case.
In Sections 2 and 3 we will prove that if a D -group is nonsolvable, then 1 Ž . G sG Ј Theorem A . In some sense this result reduces our task to the simple case. In Section 3 we deal with some partial cases. In the remaining Ž . Ž . part of the paper we show that L 5 and L 7 are the only simple Ž . In the following we denote by A, B a Frobenius group with complement A and kernel B.
We are indebted to Avinoam Mann for useful discussions and help.
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Ž . In what follows see the proof of Theorem 2.1 we use the following Remarks. 1. Let Z be a subgroup of a nonabelian p-group G such < Ž .< 2 that C Z s p . We will prove that G is a p-group of maximal class. We Therefore N C Z s p . Then C C Z r Z G s p , so, by
induction, GrZ G is abelian of order p or a p-group of maximal class, and the result follows. 2. Let H be a proper subgroup of a group G such that all elements of G y H are involutions. Suppose that G is not an elementary abelian < < < < 2-group. We will prove that G : H s 2. Assume that G : H ) 2. Without ² Ž . : Ž . loss of generality we may assume that H s G y Inv G , where Inv G is the set of all involutions in G. Then H eG and GrH is a noncyclic elementary abelian 2-group. Since G is not an elementary abelian 2-group, Ž . there exists an element a g H such that o a ) 2. Let x, y g G y H be such that xH / yH. Since xa, ya are involutions we have xax s a y1 , 
Ž . Ž . s 1 s t 1 s t 1 that t s 4, a contradiction. Thus, GrGЈ is a 1 cyclic 2-group. < Ž G . < principal irreducible character, say, . Therefore, Irr s 1 for any Ž . Ä 4 Ž . g Irr GЈ y 1 , . Let k X denote the class number of a group X. GЈ Ž . < Ž .< Since k X s Irr X then, by the above,
Ž . o y are even so m and n are even, and hence m s n s 4. < Ž .< Ž . By the above, C x s 4. Therefore P g Syl G is of maximal class G 2 Ž . Remark 1 . Since P l GЈ is noncyclic in view of solvability of groups of Ž . odd order, G y GЈ contains an element y of order exp P , so y g N. < Ž .< Ž . Therefore, C y s 4. Thus, exp P s 4 and P is dihedral of order 8. In Ž . Ž .
Here I is the inertia group of in G, and e , . . . , e are degrees of Ä 4 Ž . Ä 4 Denote by ⍀ , . . . , ⍀ the set of the G-orbits on the set Irr H y 1 , 1 n H Ž Ž . Ž . . and suppose in view of 1a ᎐ 9a that
Hence H ' 1 mod 15 . By Thompson's Theorem on minimal simple groups, the order of such a group is divisible by 3 or 5. Hence H is solvable and in this case the lemma follows. , 7, 8, 14, 21, 24, 28, 42, 56, 84, 168 .
Ž . As in a we may prove that one of the following possibilities holds:
Ž . 2b t s 168, k s 1, e s 1.
In this case 1 s 84 1 , and belongs to the G-orbit of length 42.
Ž . G Let t s 168, k s 1, e s 1. Then for appropriate g Irr H , s g Ž . Irr G and belongs to the G-orbit of length 168. Ä 4 Ž . Ä 4 Denote by ⍀ , . . . , ⍀ the set of G-orbits on the set Irr H y 1 .
< < The last equality shows that H is odd. Hence H is solvable.
Without loss of generality we may assume that H is a minimal normal subgroup of G. By Lemma 3.1, H is < < s abelian. Put H s q , q is a prime, s ) 0. We retain the notation ⍀ , n, m, e from the proof of Lemma 3.1. It follows from Lemma 3.1 that Ž .
It is easy to check that in our case k G ) 6, a contradiction. Ž w has g Irr G , and G is a Frobenius group with kernel H see BZ,
Ž . Ä 4 s for i s 1, 2, and s for all g Irr G y , . Then, by 
Ž . x G ( F q , e -3, and e s 1 for p s 2. 
In this section we will prove some auxiliary results. 
Proof. We claim that, for H s Aut T , there exists an isomorphism :
then its restriction on T is an automorphism of T. s s k < < Conversely, take g H. Then t s t for some natural number k -T , < < < < < < coprime to T , and all t g T. Put G s mf T , where all prime divisors of < < Ž < <. Ž < <. f divide T and m, f T s 1. If m s 1, then k, G s 1. In this case Ž . s . Assume that m ) 1. Then the system of congruences 
Let V be an n-dimensional vector space over a finite field F, and let Ž .
, denote a map from V = V to F. We consider the following four cases:
, is trivial, that is, u,¨s 0 for all u,¨g V.
, is a symplectic form, i.e., a nonsingular skew-symmet-Ž . Ž . Ž . ric bilinear form, so that u,¨s y¨, u and¨,¨s 0 for all u,¨g V.
, is a nonsingular symmetric bilinear form, and there is Ž . a quadratic form Q: V ª F with , as its associated bilinear form; thus,
, is an unitary form i.e., a nonsingular sesquilinear . Ž . form : , is linear in the first argument, the field F admits an involutory Ž . automorphism ␣ ¬ ␣ , and for u,¨from V one has u,¨s¨, u . Ž .
We set F s q in the cases L, O, Sp, and F s q in the case U. In all cases put 
Ž . 2 m
It is natural that in the corresponding simple groups
there exist cyclic subgroups of respective orders, which are connected with Singer cycles. In many cases we may use the information on Singer cycles to find some maximal cyclic subgroups of Chevalley groups. We note that
be a classical group from Lemma 4.1. Then there exists some natural number n and cyclic subgroup T of G such that
0 < Ž . Ž .< n s N T : C T , n N n and G G 0 q m y1 < < a G s L q , n)2,
and q is a prime, T s
, n s n s m.
In this section we prove some number theoretical lemmas and investigate the classical case. In particular, we prove that all classical simple
Proof. We omit the easy proof of this lemma since it follows from Lemma 7.2.
Ž . 2 LEMMA 7.2. Let n be a natural number. If n F 2 n, then 2, 3, 4, 6, 8, 10, 12, 18 .
In particular, n -19.
Assume that the lemma is proved for all m -n. Let m ) 1. Denote by p the lowest prime divisor of n.
Ä 4 Ž . 2 ps2 and s g 2, 3 , so that n g 4, 8 . If s s 1, then p y 1 F 2 p, and Ä 4 p F3. Thus, in that case n g 1, 2, 3, 4, 8 .
Ž .
ii n is not a prime power, n s mp, p ¦ m. 
ŽŽ nq 1
. Ž LEMMA 7.3. Let q be a prime, and n G 1 an integer. If q y 1 r q .. Ž . y 1 F 2 n q 1 , then one of the following assertions holds:
Ä 4 b n s 1, q g 3, 5, 7, 11, 13 .
. Ž . Proof. Put m s q y 1 r q y 1 . If m F 18, the result is obtained Ž . 2 by easy checking. Let m ) 18. In view of the lemma one has 2 m -m
. 2 2 nq1 q1, and n -6. In that case n -4 as the original inequality shows.
Ž nq 1 . Ž . Ž . 2 In the general case, q y 1 r q y 1 -2 n q 1 . If q s 3, then
-1q4 nq1 , and n -3. The original inequality yields n s 1. Ž . Let q ) 3. Then n s 1 and 1F 4. Using Lemma 7.2, one obtains Ä 4 qg 5, 7, 11 .
In what follows G denotes a nonabelian simple group.
Let n ) 2. By Lemma 5.2 and Lemma 7.3, q y 1 r q y 1 Ž . w x F2n so that q s 2 and n s 3 or 4. Since L 2 is not a D -group Atlas ,
Ž . Now, q g 7, 11, 13 Lemma 7.3 . Now, L 11 and L 13 are not D -2 2 1 w x groups Atlas .
, then one of the following assertions holds: 2, 3, 4, 6, 8, 10, 12, 18 ,1
In any case q -4. If q s 3, then n -6. The result is obtained by direct calculations.
n 2 21 . Thus,1 -2 n . So q s 2 and n -7. The result is obtained by direct calculations.
Proof. Assume that n is even. Using Lemma 6.1 and 5.2, one obtains
Ž . Ž . Ž . Lemmas 6.1, 5.2, and 7.5. But U 2 is solvable, and U 3 , U 2 are not 
is not a D -group.
1
ŽŽ n . . Proof. Using Lemmas 6.1 and 5.2, one obtains1 r2 F 4 n. If Ž n .1 r2 F 18, then n -3, q F 5, or n -4, q s 3. If q s 5, n s 2, then the inequality for does not hold. So let q n q 1 ) 36. Then, by 2 ŽŽ n . . n Lemma 7.2, 16n G1 r2 )1. This implies n -6, q F 7. If q s 3, n s 5, then the inequality for does not hold. If q G 5, n s 5, then the inequality for does not hold. So we may assume that n F 4. Proof. By Lemma 4.1, F 2. Assume that s 2. It follows from Ž 2 n . Ž m . Lemmas 5.2 and 6.1 that 2 q 1 F 4 n. Then 2 q 1 F 2 m, where Ž . w x ms2n. Then 2 n s m F 3, since PSp 4 is not a D-group Atlas , contra-4 Ž n . Ž . dicting ) 1. Thus, s 1. Then 2 q 1 F 4 n so n -6 Lemma 7.9 . w x Ž . Ž . By Atlas , PSp 2 and PSp 2 are not D -groups. The lemma is proved.
Ž n y 1 . Ž . Proof. Using Lemmas 5.2 and 6.1, we have 2 q 1 F 4 n y 1 for Ž n . ⑀ s q, and 2 q 1 F 4 n for ⑀ s y. By Lemma 7.9, n -7 in the first case, and n -6 in the second one. By Lemma 4.1, in the first case n G 5. Gs 2 2 y1 2 y 1 2 y 1 2 y 1 2 y 1 2 y 1 .
Ž . The group P⍀ 2 is contained in PSp 2 and is defined as the group of Ž . of the group GL 2 ; here I is the identity 2 = 2-matrix, and X g G 2, 5 12 is a matrix having the characteristic polynomial 5 q 3 q 1. It is clear Ž .
Ž . R is a 2 = 2-matrix. Then RT s T k R for some natural number k,
33
coprime with the order of T. It follows from this matrix equality that
Ž . Ž yt . k Since the matrices X y I, X y I, X y I, X y I are nonsingular, it follows from the first four equalities that R s R s R s R s 0. 3 . that G has at least q " q r9 distinct irreducible characters of the same 6 3 degree. Since G is a D -group then q " q F 18, which is impossible. 
12
Hence 2111 -2 , and q -3. But 2 8 y 1 s 17 и 5 и 3 s 16 и 4 и 2 s 126 ) 64.
Ž . Ž .
Therefore G is not a D -group. .Ž 2 . torus T of order q y 1 r q y 1 s11 such that < Ž . < ŽŽ 6
3
.Ž 2 N T : T s 54. It follows from Lemma 5.2 that1G .. Ž 6
.Ž 2 . q 1 -108. Obviously,11 ) 18. By Lemma 7.2, 2 6 3 2 6 3 211 )211 . Hence, 211 -108 so q s 2. But 2 9 y 1 s 73 и 7 s 432 ) 2 и 54, Ž .
Ž .
a contradiction which shows that G is not a D -group.
1
It remains to find all alternating groups which are D -groups. 
9
In this section we will prove that the alternating group A for n ) 5 is n not a D -group. There is the 1᎐1-correspondence ␣ between irreducible characters of w x S and partitions : n s n q иии n with natural numbers n such that
wx n G иии G n . We denote the character ␣ by . To each such 1 k w x U U partition there corresponds the associated partition *: n s n q иии qn 1 s U U < Ä < 4 < of n such that n s k and n s j g ‫ގ‬ n G i .
